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Abstract
We investigate the almost Cohen-Macaulay property and the Serre-
type condition (Cn), n ∈ N, for noetherian algebras and modules. More
precisely, we find permanence properties of these conditions with respect
to tensor products and direct limits.
1 Introduction
All rings considered will be commutative, with unit and noetherian. All modules
are supposed to be finitely generated.
Almost Cohen-Macaulay rings appeared from a flaw in Matsumura’s book
[13] and were first studied by Han [9] and afterwards by Kang [11], who intro-
duced the notion of almost Cohen-Macaulay modules. The first author con-
sidered the condition (Cn), where n is a natural number [10], inspired by the
well-known condition (Sn) of Serre and characterized almost Cohen-Macaulay
rings using this notion. The notion of a module satisfying the condition (Cn)
was defined and studied by the second author and A. Mafi [17].
We study the behaviour of the condition (Cn), n ∈ N and of almost Cohen-
Macaulayness with respect to tensor product of A-modules and of A-algebras.
We show that a ring having a module of finite projective dimension satisfying
the condition (Cn), must satisfy itself the condition (Cn), a property that was
already proved for the condition (Sn). We investigate also the behaviour of the
condition (Cn) and of almost Cohen-Macaulayness to direct limits.
2 Tensor products of almost Cohen-Macaulay
algebras
We begin by recalling the notions and basic facts that will be needed in the
paper.
Definition 2.1 [11, Definition 1.2] Let A be a ring and M be an A-module. We
say that M is an almost Cohen-Macaulay A-module if P ∈ Supp(M) we have
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depth(P,M) = depthAP (MP ). A is called an almost Cohen-Macaulay ring if it
is an almost Cohen-Macaulay A-module.
Remark 2.2 Let (A,m) be a noetherian local ring and M a finitely generated
A-module. Then it follows at once by [11, Lemma 1.5 and Lemma 2.4] that M
is almost Cohen-Macaulay iff dim(M) ≤ depth(M) + 1.
Definition 2.3 [17, Definition 2.1] Let A be a ring, n a natural number and
M an A−module. We say that M satisfies the condition (Cn) if for every
P ∈ Supp(M) we have depth(MP ) ≥ min(n, htM (P )) − 1. If A satifies the
condition (Cn) as an A-module, we say that the ring A satisfies (Cn).
Remark 2.4 Recall that an A−module M is said to satisfy Serre’s condition
(Sn) if for every P ∈ Supp(M) we have depth(MP ) ≥ min(n, htM (P )). Hence
obviously if M satisfies the condition (Sn), it satisfies also the condition (Cn).
Lemma 2.5 Let n ∈ N and M be an A-module. If M satisfies the condition
(Sn), then it satisfies the condition (Cn+1).
Proof: Let P ∈ Supp(M). Then by the condition (Sn) we have depth(MP ) ≥
min(htM (P ), n). Suppose first that n < htM (P ). Then min(htM (P ), n) = n,
hence depth(MP ) ≥ n. But n+1 ≤ htM (P ), hence min(n+1, htM (P )) = n+1.
Then min(n+1, htM (P ))− 1 = n+1− 1 = n. It follows that depth(MP ) ≥ n =
min(n+ 1, htM (P ))− 1.
Suppose now that n ≥ htM (P ). Then min(n, htM (P )) = htM (P ), hence
by (Sn) we have depth(MP ) = htM (P ). But n + 1 > htM (P ), hence min(n +
1, htM (P ))− 1 = htM (P )− 1 < htM (P ) = depth(MP ).
Lemma 2.6 Let u : A → B be a flat morphism of noetherian rings. If B is
almost Cohen-Macaulay, then all the fibers of u are almost Cohen-Macaulay.
Proof: Let P ∈ Spec(A) and let QBP /PBP ∈ Spec(BP /PBP ). Then the mor-
phism AP → BQ is flat and local and by [10, Proposition 2.2,a)] it follows that
BQ/PBQ = (BP /PBP )QBP /PBP is almost Cohen-Macaulay. From [11, Lemma
2.6] we obtain that BP /PBP is almost Cohen-Macaulay.
Proposition 2.7 Let k be a field, A and B be k−algebras such that A⊗k B is
noetherian and n ∈ N. Then:
i) If A⊗k B satisfies the condition (Cn), then A and B satisfy the condition
(Cn);
ii) If A and B satisfy the condition (Cn) and one of them satisfies the con-
dition (Sn), then A⊗k B satisfies the condition (Cn);
iii) If A and B satisfy the condition (Sn), then A⊗kB satisfies the condition
(Cn+1).
Proof: i) Follows from [10, Proposition 3.12].
ii) Follows from [10, Proposition 3.13].
iii) Follows from [18, Theorem 6,b)] and Lemma 2.5.
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Corollary 2.8 Let k be a field, A and B be k−algebras such that A ⊗k B is
noetherian. Then:
i) If A ⊗k B is almost Cohen-Macaulay, then A and B are almost Cohen-
Macaulay;
ii) If A and B are almost Cohen-Macaulay and moreover one of them is
Cohen-Macaulay, then A⊗k B is almost Cohen-Macaulay.
Proof: Follows from 2.7 and [10, Theorem 3.3].
Example 2.9 Let A = k[x4, x5, xy, y](x4,x5,xy,y). Then A is a noetherian local
domain of dimension 2, hence by remark 2.2 it is almost Cohen-Macaulay. Since
x5y = x4xy ∈ x4A and x5(xy)3 = x8y3 ∈ x4A, it follows that depth(A) = 1.
But A ⊗k A is not almost Cohen-Macaulay, because by [7, Lemma 2] we get
dim(A ⊗k A) = 4 and depth(A⊗k A) = 2. The first example with this property
was given by Tabaaˆ [16, Exemple].
Proposition 2.10 Let u : A → B be a morphism of noetherian rings, M a
finitely generated A-module, N a finitely generated B-module and n a natural
number. Suppose that N is a flat A-module. We consider the structure of
M ⊗A N as a B-module. Then:
i) If M ⊗A N satisfies the condition (Cn), then M satisfies the condition
(Cn);
ii) If M and NP /PNP satisfy the condition (Sn), for any P ∈ Spec(A), then
M ⊗A N satisfies the condition (Sn);
iii) If M satisfies the condition (Sn) and NP /PNP satisfies the condition
(Cn) for any P ∈ Supp(M), then M ⊗A N satisfies the condition (Cn);
iv) If M satisfies the condition (Cn) and NP /PNP satisfies the condition
(Sn) for any P ∈ Supp(M), then M ⊗A N satisfies the condition (Cn).;
v) If M and NP /PNP satisfy the condition (Sn), for any P ∈ Supp(M),
then M ⊗A N satisfies the condition (Cn+1).
Proof: i) Let P ∈ Supp(M), Q ∈ Min(PB). By [4, Proposition 1.2.16 and
Theorem A.11], the flatness of u implies that
depthBQ(MP ⊗AP NQ) = depthAP (MP ) + depthBQ(NQ/PNQ)
and
dimBQ(MP ⊗AP NQ) = dimAP (MP ) + dimBQ(NQ/PNQ).
But dimBQ(NQ/PNQ) = 0 and MP ⊗AP NQ satisfies the condition (Cn), hence
depthAP (MP ) ≥ min(n, dimAP (MP ))− 1,
that is M satisfies the condition (Cn).
ii) Let Q ∈ SuppB(M ⊗A N) and P = Q ∩A. As above we have
depthBQ(MP ⊗AP NQ) ≥ min(n, dimAP (MP )) + min(n, dimBQ(NQ/PNQ)) ≥
≥ min(n, dimBQ(MP ⊗AP NQ)).
iii) and iv) The proof is similar to the proof of assertion i).
v) Follow from ii) and lemma 2.5.
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Proposition 2.11 Let u : A → B be a morphism of noetherian rings, M a
finitely generated A-module, N a finitely generated B-module and n a natural
number. Suppose that N is a flat A-module. We consider the structure of
M ⊗A N as a B-module. Then:
i) If M ⊗A N is almost Cohen-Macaulay, then M and NP /PNP are almost
Cohen-Macaulay for any P ∈ Supp(M);
ii) If M is almost Cohen-Macaulay and NP /PNP is Cohen-Macaulay for
any P ∈ Supp(M), then M ⊗A N is almost Cohen-Macaulay;
iii) If M is Cohen-Macaulay and NP /PNP is almost Cohen-Macaulay for
any P ∈ Supp(M), then M ⊗A N is almost Cohen-Macaulay.
Proof: i) From [10, Theorem 3.3] and Proposition 2.10 i), it follows at once that
M is almost Cohen-Macaulay. Let P ∈ SuppA(M). We have
SuppBP /PBP (NP /PNP ) =
= {QBP /PBP | Q ∈ SuppB(N) ∩ V (PB), Q ∩ (A \ P ) = ∅ }.
Hence, let QBP /PBP ∈ SuppBP /PBP (NP /PNP ). Since M ⊗A N is an almost
Cohen-Macaulay B−module, by [11, Lemma 2.6] we get that MP ⊗AP NQ is an
almost Cohen-Macaulay BQ−module, as Q ∈ Supp(M ⊗A N). Since u is flat,
MP is finitely generated and NQ is finitely generated BQ-module and flat AP -
module, by [12, Proposition 2.7] it follows that NQ/PNQ is an almost Cohen-
Macaulay BQ/PBQ-module. Now by [11, Lemma 2.6] we obtain that NP /PNP
is an almost Cohen-Macaulay BP /PBP -module.
ii) and iii) Follows from 2.10 and [10, Theorem 3.3].
Lemma 2.12 Let R be a commutative ring, A and B be R-algebras such that
A⊗RB is noetherian. Let P ∈ Spec(A⊗RB) and set p := P ∩A, q = P ∩B, r :=
P ∩R. Assume that Ap is flat over Rr. Then:
i) If (A⊗RB)P is almost Cohen-Macaulay, then Bq and Ap/rAp are almost
Cohen-Macaulay;
ii) If Ap/rAp and Bq are almost Cohen-Macaulay and one of them is Cohen-
Macaulay, then (A⊗R B)P is almost Cohen-Macaulay.
Proof: Follows at once from [3, Corollary 2.8].
Corollary 2.13 Let R be a commutative ring, A and B be R-algebras such that
A⊗RB is noetherian. Let P ∈ Spec(A⊗RB) and set p := P ∩A, q = P ∩B, r :=
P ∩R. Assume that Ap and Bq are flat over Rr. Then:
i) If (A ⊗R B)P is almost Cohen-Macaulay, then Ap and Bq are almost
Cohen-Macaulay;
ii) If Ap and Bq are almost Cohen-Macaulay and one of them is Cohen-
Macaulay, then (A⊗R B)P is almost Cohen-Macaulay.
Proof: i) Follows from 2.12 and the flatness of Ap and Bq over Rr.
ii) Since Rr → Ap is flat, by [10, Proposition 2.2] it follows that Ap/rAp is
almost Cohen-Macaulay. Note that in case Ap is Cohen-Macaulay, Ap/rAp is
Cohen-Macaulay too. Now the assertion follows from 2.12, ii).
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Example 2.14 In the previous corollary, the assumption in ii) that one of the
rings is Cohen-Macaulay is necessary. Indeed, consider again the ring in ex-
ample 2.9, that is A = B = k[x4, x5, xy, y](x4,x5,xy,y) and let R = k[x
4]. By
[3, Proposition 2.1, 2)], there is P ∈ Spec(A ⊗R B) such that P ∩ A is the
maximal ideal of A. Then by [3, Corollary 2.6] it follows that (A ⊗R B)P is
not almost Cohen-Macaulay. As we saw in 2.9 the ring Ap = Bq is almost
Cohen-Macaulay.
Corollary 2.15 Let R be a commutative ring, A and B be flat R-algebras such
that A⊗R B is noetherian. Then:
i) If A⊗RB is almost Cohen-Macaulay, then Ap and Bq are almost Cohen-
Macaulay for any p ∈ Spec(A) and q ∈ Spec(B) such that p ∩R = q ∩R;
ii) If for any p ∈ Spec(A) and q ∈ Spec(B) such that p ∩ R = q ∩ R,Ap
and Bq are almost Cohen-Macaulay and one of them is Cohen-Macaulay, then
A⊗R B is almost Cohen-Macaulay.
Proof: i) By [3, Proposition 2.1] there exists P ∈ Spec(A ⊗R B) such that
P ∩ A = p, P ∩B = q. Now apply 2.13, i).
ii) Follows from 2.13, ii).
3 Tensor products of almost Cohen-Macaulay
modules
Recall the following definition(cf. [19, Definition 1.1]):
Definition 3.1 If M and N are finitely generated non-zero A-modules, the
grade of M with respect to N, is defined by
grade(M,N) = inf{i |ExtiA(M,N) 6= 0}.
Remark 3.2 By [6, Proposition 1.2, h)] we see that grade(M,N) is the length
of a maximal N -regular sequence in Ann(M).
Remark 3.3 By [4, Proposition 1.2.10, a)] we get
grade(M,N) = inf{(depth(NP ) |P ∈ Supp(M)} =
= inf{(depth(NP ) |P ∈ Supp(M) ∩ Supp(N)}.
Definition 3.4 If M and N are finitely generated A-modules and pd(M) <∞,
we say that M is N -perfect if grade(M,N) = pd(M).
We will use several times the following fact:
Remark 3.5 (Intersection Theorem cf. [15, Theorem 8.4.4]) If pdA(M) <∞,
then dim(N) ≤ pd(M) + dim(M ⊗A N).
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Proposition 3.6 Let A be a noetherian local ring, M and N be finitely gener-
ated non-zero A-modules, n ∈ N. Assume that:
a) M is N−perfect and pd(M) := p ≤ n;
b) N satisfies the condition (Cn);
c) TorAi (M,N) = 0, ∀i > 0.
Then M ⊗A N satisfies the condition (Cn−p).
Proof: Let P ∈ Supp(M ⊗A N). We have
p = grade(M,N) ≤ grade(MP , NP ) ≤ pd(MP ) ≤ pd(M) = p,
hence pd(MP ) = p. By [2, Theorem 1.2] we obtain
depth(M ⊗A N)P = depth(MP ⊗AP NP ) = depth(NP )− pd(MP ) =
= depth(NP )− p ≥ min(htNP, n)− 1− p = min(htNP − p, n− p)− 1
and it is enough to show that min(htNP − p, n − p) ≥ min(htM⊗ANP, n − p).
But since grade(MP , NP ) = grade((M ⊗A N)P , NP ), by [19, Theorem 2.1] we
have p ≤ htN (P )− htM⊗AN (P ) and this concludes the proof.
Corollary 3.7 Let n ∈ N, A be a noetherian local ring satisfying the condition
(Cn) and let M be a perfect A-module such that pd(M) = p ≤ n. Then M
satisfies the condition (Cn−p).
Proposition 3.8 Let A be a noetherian local ring and let M and N be finitely
generated non-zero A-modules such that TorAi (M,N) = 0, ∀i > 0. If pd(M) <
∞ and M ⊗AN is almost Cohen-Macaulay, then N is almost Cohen-Macaulay.
Proof: Applying remarks 2.2 and 3.5 and [2, Theorem 1.2] we get
dim(N) ≤ pd(M) + dim(M ⊗A N) ≤
≤ pd(M) + depth(M ⊗A N) + 1 = depth(N) + 1,
hence applying again remark 2.2 it follows that N is almost Cohen-Macaulay.
Corollary 3.9 (see [15, Corollary 8.4.5]) Let A be a local ring having an almost
Cohen-Macaulay module of finite projective dimension. Then A is an almost
Cohen-Macaulay ring.
We can prove a more general form of 3.8:
Proposition 3.10 Let A be a noetherian local ring and n ∈ N. Let also M and
N be finitely generated non-zero A-modules such that TorAi (M,N) = 0, ∀i > 0.
If pd(M) < ∞ and M ⊗A N satisfies the condition (Cn), then N satisfies the
condition (Cn).
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Proof: Let P ∈ SuppA(N). Assume first that P ∈ SuppA(M). Then P ∈
Supp(M ⊗A N) and we have two cases:
a) depth(M ⊗AN)P < n− 1. Then (M ⊗AN)P is almost Cohen-Macaulay and
by Proposition 3.8 it follows that NP is almost Cohen-Macaulay too. Hence
depth(NP ) ≥ min(n, dim(NP ))− 1.
b) depth(M ⊗A N)P ≥ n− 1. Then from[2, Theorem 1.2] we obtain:
depth(NP ) = depth(M ⊗A N)P + pd(MP ) ≥
≥ n− 1 ≥ min(n− 1, htN (P )− 1) = min(n, htN (P ))− 1.
Assume now that P /∈ SuppA(M). Let Q ∈Min(AnnA(M) + P ). By [19, Theo-
rem 2.1] we have
depth(NP ) ≥ grade(AQ/PAQ, NQ) ≥ depth(NQ)− dim(AQ/PAQ).
By remark 3.5 we have
dim(AQ/PAQ) ≤ pd(MQ) + dim(MQ/PMQ) = pd(MQ),
hence by [2, Theorem 1.2] we obtain
depth(NP ) ≥ depth(NQ)− pd(MQ) = depth(MQ ⊗AQ NQ).
If depth(MQ ⊗AQ NQ) ≥ n− 1 we have
depth(NP ) ≥ n− 1 ≥ min(n− 1, htN (P )− 1) = min(n, htN (P ))− 1,
as required.
In the case depth(MQ ⊗AQ NQ) < n − 1, by definition MQ ⊗AQ NQ is almost
Cohen-Macaulay, hence from Proposition 3.8 it follows thatNQ is almost Cohen-
Macaulay. But then NP is almost Cohen-Macaulay too and consequently
depth(NP ) ≥ min(n, htN (P ))− 1.
Corollary 3.11 Let A be a local ring having a module of finite projective di-
mension satisfying the condition (Cn). Then A satisfies the condition (Cn).
Remark 3.12 A similar result for the condition (Sn) was proved in [20, Propo-
sition 4.1].
4 Direct limits of almost Cohen-Macaulay rings
Proposition 4.1 Let (Ai, fij)i,j∈Λ be a direct system of noetherian rings, n ∈
N and let A := lim
−→
i∈Λ
Ai. Assume that:
a) the ring A is noetherian;
b) the morphism fij is flat for any i ≤ j;
c) the ring Ai satisfies the condition (Cn) for any i ∈ Λ.
Then A satisfies the condition (Cn).
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Proof: Let P ∈ Spec(A), B := AP , k := B/PB and for any i ∈ Λ, put Pi :=
P ∩Ai, Bi := (Ai)Pi and ki := Bi/PiBi. There exists i0 ∈ Λ such that P = PiB
for any i ≥ i0, hence k = B ⊗Bi ki. But the morphism Bi → B is flat, hence
dim(Bi) = dim(B) and depth(Bi) = depth(B) for any i ≥ i0. The assertion
follows from 2.2.
Corollary 4.2 Let (Ai, fij)i,j∈Λ be a direct system of noetherian rings and let
A := lim
−→
i∈Λ
Ai. Assume that:
a) the ring A is noetherian;
b) the morphism fij is flat for any i ≤ j;
c) the ring Ai is almost Cohen-Macaulay for any i ∈ Λ.
Then A is almost Cohen-Macaulay.
Proof: Let us give a direct proof, slightly different to the one coming out at once
from 4.1. We will apply [5, Corollary 2.3]. Let P ⊆ Q be two prime ideals in A
and for any i ∈ Λ let Pi := P ∩Ai, Qi := Q∩Ai, Bi := (Ai)Pi , Ci := (Ai)Qi . Let
also B := AP and C := AQ. Then, as in the proof of 4.1, there exists i0 ∈ Λ such
that P = PiB and Q = QiB for any i ≥ i0. Since Ai is almost Cohen-Macaulay
it follows by [5, Corollary 2.3] that depth(Bi) ≤ depth(Ci) and consequently, by
flatness, depth(B) = depth(Bi) ≤ depth(Ci) = depth(C). Now we apply again
[5, Corollary 2.3].
Proposition 4.3 Let ((Ai,mi, ki), fij)i,j∈Λ be a direct system of noetherian lo-
cal rings and let A := lim
−→
i∈Λ
Ai. Assume that:
a) miAj = mj , ∀i ≤ j;
b) for any i ∈ Λ and for any ideal I of Ai we have IA ∩ Ai = I;
c) Ai is an almost Cohen-Macaulay ring for any i ∈ Λ.
Then A is almost Cohen-Macaulay.
Proof: By [14] and [8, (0III , 10.3.1.3)], the ring A is a local noetherian ring,
with maximal ideal m = miA, ∀i ∈ Λ. Let i0 ∈ Λ be such that dim(Aj) =
dim(A), ∀j ≥ i0(see [1, Lemma 3.10]) and let x1, . . . , xs ∈ Ai0 be a system of
parameters. Set Qj = (x1, . . . , xs)Aj , ∀j ≥ i0 and Q = (x1, . . . , xs)A. Then
m = mi0A =
√
Qi0A ⊆
√
Qi0A ⊆ m,
whence x1, . . . , xs is a system of parameters in A. The same argument shows that
x1, . . . , xs is a system of parameters in Aj , ∀j ≥ i0. If Ai is CM for all i ∈ Λ, it
follows by [1, Corollary 3.7] that A is Cohen-Macaulay and we are done. Assume
not. Since Aj is almost CM, by [11, Theorem 1.7], there exists l ∈ {1, . . . , s}
such that {x1, . . . , x̂l, . . . , xs} is a regular sequence. We assume l = 1, that is
{x2, . . . , xs} is a regular sequence in Ai0 . As {x1, . . . , xs−1, xs} is not a regular
sequence in Ai0 , it cannot be a regular sequence in Aj , ∀j ≥ i0. But x1, . . . , xs
is a system of parameters in Aj , ∀j ≥ i0. We will show that we can assume
that x2, . . . , xs remains a regular sequence in Aj , ∀j ≥ i0. If this is so, it follows
that x2, . . . , xs is a regular sequence in A and again by [11, Theorem 1.7] we
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get that A is almost Cohen-Macaulay. So, assume that there exists j1 ≥ i0 such
that {x2, . . . , xs} is not a regular sequence in Aj1 . First we observe that then
{x2, . . . , xs} is not regular in Ak, ∀k ≥ j1. Since Aj1 is almost Cohen-Macaulay,
it follows that, for example, {x1, x̂2, x3, . . . , xs} = {x1, x3, . . . , xs} is a regular
sequence in Aj1 . Assume that there exists j2 ≥ j1 such that {x1, x̂2, x3, . . . , xs}
is not a regular sequence in Aj2 . Then there exists j2 ≥ j1 such that, for example,
{x1, x2, x4, . . . , xs} is a regular sequence. Continuing we obtain an index l0 ∈ Λ,
such that {x1, . . . , xi−1, x̂i, xi+1, . . . , xs} is not a regular sequence in Al, ∀ l ≥ l0
and ∀ i = 1, . . . , s. Contradiction.
Example 4.4 Let K ⊂ L be an infinite algebraic field extension. Then L =⋃
i∈Λ
Ki, where Ki are the finite field subextensions of L. For any i ∈ Λ, let
Ai := Ki[[X
4, X3Y,XY 3, Y 4]]. It is easy to see that for any i ∈ Λ we have
depth(Ai) = 1 and dim(Ai) = 2, that is Ai is an almost Cohen-Macaulay ring
which is not Cohen-Macaulay. Moreover A :=
⋃
i∈Λ
Ai ( L[[X
4, X3Y,XY 3, Y 4]]
and the family (Ai)i∈Λ satisfies the conditions in 4.3. Hence A is an almost
Cohen-Macaulay ring.
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